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tion model method. The T-tube and in situ methods have
several drawbacks that are discussed at length in Ref. [4].A propagation model method for extracting the normal incidence

impedance of an acoustic material installed as a finite length seg- These two measurement methods do, however, serve as
ment in a wall of a duct carrying a nonprogressive wave field is useful complements to the propagation model method,
presented. The method recasts the determination of the unknown which is the subject of this paper.impedance as the minimization of the normalized wall pressure

Propagation model methods for evaluating the acousticerror function. A finite element propagation model is combined
with a coarse/fine grid impedance plane search technique to extract impedance of a material are popular because of their con-
the impedance of the material. Results are presented for three differ- venience. The conventional method involves measuring
ent materials for which the impedance is known. For each material, the sound attenuation properties in a waveguide lined with
the input data required for the prediction scheme were computed

the acoustic material over a length sufficient to be effec-from modal theory and then contaminated by random error. The
tively infinite. These data are then used with the solutionfinite element method reproduces the known impedance of each

material almost exactly for random errors typical of those found in to the wave equation in an infinite waveguide to establish
many measurement environments. Thus, the method developed the impedance of the material. The evolution of waveguide
here provides a means for determining the impedance of materials models for this purpose began over 20 years ago with ain a nonprogressive wave environment such as that usually encoun-

uniform mean flow model (Ref. [4]). For this case, antered in a commercial aircraft engine and in most laboratory
settings. Q 1996 Academic Press, Inc. analytical expression for the impedance of the material

was derived using known transcendental functions and the
measured axial wavenumber. Validation of the model in

INTRODUCTION zero flow (i.e., grazing incidence sound only) was achieved
by demonstrating that it reproduced the measured normal

The design of increasingly effective and efficient duct
incidence impedance of a test panel. Waveguide methods

treatments for acoustic noise suppression continues to be
were later extended to rectangular ducts with shearinga critical consideration in the design of environmentally
mean flows in one cross-sectional direction (Refs. [5]). Theacceptable aircraft propulsion systems. To achieve the full
method presented in Ref. [5] was extended to include meanpotential of duct treatments in future aircraft engines, it
flow shear in two cross-sectional directions in Ref. [6].will be necessary to maintain the target impedances of
Both the one- and two-dimensional sheared flow modelsacoustic treatments near their optimum values. A continu-
developed in Refs. [5, 6] were validated with measureding measurement problem in treatment technology is the
data in Ref. [7].accurate determination of normal incidence impedance of

Infinite waveguide models are applicable, in a veryacoustic material in grazing flow environments. Methods
straightforward manner, to situations for which a singlefor determining the normal incidence impedance in this
progressive mode propagates within the waveguide con-environment fall into three categories, the T-tube method

(ref. [1]), the in situ method (Refs. [2, 3]), and the propaga- taining the unknown material. However, many conven-
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tional liner concepts generate more complex acoustic
fields. Thus, measured data must now be interpreted as the
superposition of many propagating modes (i.e., multimodal
effects generated by installation of the test specimen and
manufacturing tolerances). Broadband liners currently un-
der study contain variable impedance properties and pro-
duce multiple modes in the waveguide. The current re-
search effort was motivated by the shortcomings of the
current methodology for determining the normal incidence
impedance in these more realistic situations. The method
developed here uses a propagation model based upon a
finite element technique for determining normal incidence
impedance from measured wall pressure data. This allows
a determination of the impedance of materials in nonpro-
gressive acoustic wave fields contaminated with multi-
modal effects and reflections. Although the analysis of this
paper assumes a two-dimensional duct without mean flow,
it may be extended to three dimensions and to mean flows
with shear.

The remainder of this paper is organized into seven
sections. Section 2 describes the physical problem and co-
ordinate system used in the study. Section 3 presents the

FIG. 1. Two dimensional duct and coordinate system.governing equation and boundary conditions that are
solved to obtain the unknown impedance of the acoustic
material. Section 4 describes the propagation model (i.e., medium in the duct. The upper wall of the duct is rigid.
a linear finite element method). Measured data was not There are m points located at x 5 x1, x2, x3 ... xm along the
available as input to the model. Therefore, multimodal upper wall, at which the acoustic pressures are known. The
analysis was used to simulate the necessary input. This is sound absorbing material constitutes the bottom wall. This
discussed in Section 5. Ultimately, the input data for a test material is L units long and is assumed to be point (locally)

reacting (i.e., acoustic waves propagate through it normalspecimen with an unknown impedance must be measured
before the impedance can be extracted. Also discussed in to the surface). The sound absorbing material has an un-

known normalized impedance z(x), as shown.this section are some techniques for measuring the required
input data with and without high speed flow. The unknown The problem at hand is to determine the impedance of

the material from the known data. It should be noted, asimpedance of the material is obtained by minimizing the
difference between the known and numerically computed suggested by Fig. 1, that the model discussed here is limited

to a 2-D description which approximates a three-dimen-wall pressure. The minimization is achieved by a coarse/
fine grid search technique in the complex impedance plane. sional flow impedance tube. Such flow impedance tube

apparatus can be used to obtain the unknown normal inci-This is the subject of Section 6. Results of impedance
predictions for known materials are presented for wave dence boundary condition from a knowledge of the source

pressure, ps(y), exit impedance, zexit(y), and upper wallfields containing nonprogressive waves in Section 7. Con-
clusions relevant to this paper are presented in Section 8. pressures. This method of measurement has been tradition-

ally called the waveguide method. In actual field tests, the
test specimen is located within a rigid wall portion of the2. DESCRIPTION OF THE PHYSICAL PROBLEM
duct, so that the source and exit plane are not located
at the leading and trailing edge respectively of the testFigure 1 shows a schematic of the two-dimensional duct

used in this study. The amplitudes of right and left traveling specimen, where measurement of ps(y) and zexit(y) are
extremely difficult. In the impedance extraction methodacoustic waves decay as shown schematically in the figure.

The axial and transverse directions are denoted by x and to follow, there is not an implicit assumption, that the
source and exit planes lie at the leading and trailing edgey, respectively. The duct is L units long with the source

and exit planes located at x 5 0 and x 5 L, respectively. of the liner. These planes may lie in a hard wall section
of duct where measurements are more likely to be made.Inputs at the source and exit planes are the source pressure,

ps(y), and the normalized exit impedance, zexit(y), respec- It should be noted that this paper will use analytically based
input data to determine the normal incidence impedance,tively. Throughout this work all impedances are normal-

ized with respect to the characteristic impedance of the since measured data were not available.
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3. GOVERNING EQUATION AND
BOUNDARY CONDITIONS

Steady-state acoustic pressure waves propagating within
the duct shown in Fig. 1 satisfy the Helmholtz equation

­2p(x, y)
­x2 1

­2p(x, y)
­y2 1 k2p(x, y) 5 0, (1)

where k is the free space wavenumber, k 5 2f f/c, f is the
frequency in Hertz, and c is the sound speed in the duct.
Before a solution to the acoustic field can be obtained and
the unknown impedance extracted, boundary conditions
must be prescribed.

Along the source plane of the duct, x 5 0, the acoustic
pressure is known: FIG. 2. Finite element discretization of the two dimensional duct.

p(0, y) 5 ps(y). (2)

Galerkin finite-element method. Details on the methodThe boundary condition along the rigid upper wall is equiv-
are given in several texts (Refs. [8, 9]), and only sufficientalent to the requirement that the gradient of acoustic pres-
detail is presented here for continuity. When applied tosure normal to the wall vanishes:
the current acoustic problem, the finite-element method
may be interpreted as an approximation of the continuous­p(x, H)

­y
5 0. (3) acoustic field as an assemblage of rectangular elements as

illustrated in Fig. 2. Here it is assumed that there are N
nodes in the axial and M nodes in the transverse directionsAt the duct termination, x 5 L, the ratio of acoustic pres-
of the duct. A typical rectangular element, [I, J], is shownsure to the normal component of acoustic velocity at the
in Fig. 3. Each element consists of four local node numbersboundary must equal the known exit impedance, zexit(y):
labeled 1, 2, 3, and 4, respectively. Each element is con-

­p(L, y)
­x

5
2ikp(L, y)

zexit(y)
. (4)

Finally, the lower wall boundary is assumed to be locally
reacting, so that the ratio of the acoustic pressure to the
normal component of acoustic velocity at the wall must
equal the impedance of the wall

­p(x, 0)
­y

5
ikp(x, 0)

z(x)
. (5)

Note that the right hand sides of Eqs. (4) and (5) differ in
sign, since the unit normal is considered positive at the
exit plane and negative at the lower wall. When the imped-
ance z(x) is known, Eqs. (1)–(5) constitute a well posed
boundary value problem that can be solved to determine
the sound field within the duct. Exact solutions to this
problem are not available for a general set of input data;
therefore, a computational method is required to obtain
the solution to Eqs. (1)-(5).

4. DUCT PROPAGATION MODEL

The computational method chosen to solve Eq. (1), cou-
FIG. 3. A typical finite element and local node numbering system.pled with the boundary condition equations (2)–(5), is a
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sidered to have width a 5 (xI11 2 xI) and height b 5 The second derivative terms in Eq. (10) are integrated by
parts in order that the linear basis functions can be used:(yJ11 2 yJ) as shown. The objective of the method is to

obtain the unknown acoustic pressure at the nodes of each
of the (M 2 1)(N 2 1) elements. ExI11

xI
EyJ11

yJ

ENIdydx
Galerkin’s finite element method is employed to mini-

mize the field error. It should be noted that the field error
is distinct from the wall error function, which is used later 52ExI11

xI
EyJ11

yJ
F­p[I,J]

­x
­NI

­x
1

­p[I,J]

­y
­NI

­y
2k2p[I,J]NIGdydx

to extract the unknown impedance. Define the field error
function as

1EyJ11

yJ
F­p[I,J](L,y)

­x
NI(L,y)2

­p[I,J](0,y)
­x

NI(0,y)Gdy

E(x, y) 5
­2p(x, y)

­x2 1
­2p(x, y)

­y2 1 k2p(x, y). (6)

1ExI11

xI
F­p[I,J](x,H)

­y
NI(x,H)2

­p[x,J](x, 0)
­y

NI(x, 0)Gdx.
Within each element p(x, y) is represented as a linear
combination of four functions, N1, N2, N3 and N4, which (11)
compose a complete set of basis functions,

Substituting the wall and exit boundary condition into the
p(x, y) 5 N1(x, y)p1 1 N2(x, y)p2 line integrals in (11) gives

1 N3(x, y)p3 1 N4(x, y)p4 (7)
ExI11

xI
EyJ11

yJ

ENIdydx

N1(x, y) 5 F1 2
(x 2 xI)

a GF1 2
(y 2 yJ)

b G,

52ExI11

xI
EyJ11

yJ
F­p[I,J]

­x
­NI

­x
1

­p[I,J]

­y
­NI

­y
2k2p[I,J]NIGdydx

N2(x, y) 5 F(x 2 xI)
a GF1 2

(y 2 yJ)
b G

2EyJ11

yJ
Fikp[I,J](L,y)

zexit(y)
NI(L,y)1

­p[I,J](0,y)
­x

NI(0,y)Gdy

N3(x, y) 5 F(x 2 xI)(y 2 yJ)
ab G,

2 ikExI11

xI
Fp[I,J](x, 0)

z(x)
NI(x, 0)Gdx, (12)

N4(x, y) 5 F1 2
(x 2 xI)

a GFy 2 yJ

b G, (8)

where the line integrals in Eq. (12) are evaluated only for
elements which lie along the boundary of the duct. Thein which pm is the values of p(x, y) at local node m. The
contribution to the minimization of the field error for eachvariable impedances zexit(y) and z(x) are represented in a
element is expressed in matrix form assimilar manner along each boundary element:

ExI11

xI
EyJ11

yJ

ENI dydx 5 [A[I,J]]hF[I,J]j, (13)
zexit(y) 5 F1 2

(y 2 yJ)
b G zexit(yJ) Fy 2 yJ

b G zexit(yJ11)
(9)

where [A[I,J]] is a 4 3 4 complex matrix for each element
z(x) 5 f1 2

(x 2 xI)
a G z(xI) 1

(x 2 xI)
a

z(xI11). [I, J], and hF[I,J]j is a 4 3 1 column vector containing
the unknown acoustic pressure at the four nodes of the
element. The coefficients in the local stiffness matrix,In an ideal sense, the solution to the sound field is obtained
[A[I,J]], were computed in closed form.when the field error, E(x, y), is identically zero at each

Assembly of the global equations for the computationalpoint of the domain. This is approximately achieved by
domain is a basic procedure in the finite element method.requiring that the field error function be orthogonal to
Appropriate shifting of rows and columns is all that iseach basis function Nm(x, y). Contributions to the minimi-
required to add the local element matrix, [A[I,J]], directlyzation of the field error function from a typical element are
into the global matrix, [A]. Assembling the elements for
the entire domain results in a matrix equation of the formExI11

xI
EyJ11

yJ

ENIdydx

[A]hFj 5 hFj, (14)

5 ExI11

xI
EyJ11

yJ
F­2p[I,J]

­x2 1
­2p[I,J]

­y2 1 k2p[I, J]GNIdydx. (10)
where [A] is a complex matrix whose order is MN, and
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propagation model to uniquely determine the upper wall
pressure. The foregoing equations make use of this unique
relationship between the upper wall pressures, p(xI, H),
and the following three sets of data

1. The source plane pressure, ps(y)

2. The exit plane impedance, zexit(y)

3. The lower wall impedance function, z(x)

If any two and the upper wall pressures are known, the
remaining can be determined. Here we are seeking the
unknown impedance function of the lower wall, z(x). It
will be determined by specifying the upper wall pressures,
the source pressure, and the exit impedance.

In actual no-flow-field tests, obtaining the source pres-FIG. 4. Structure of the global matrix and major blocks.
sure ps(y) and exit impedance zexit(y) is relatively straight-
forward. In this situation, a transverse probe microphone

hFj and hFj are MN 3 1 column vectors. The vector hFj would be used to measure the acoustic pressure field at the
contains the nodal values of the unknown acoustic pressure source and exit planes to map the entire acoustic pressures
and hFj is the zero vector. It is necessary to apply the source when the test specimen is installed. The exit impedance,
pressure condition to this system of equations before a zexit(y), could then be extracted from the exit plane trans-
solution can be obtained. Satisfying the noise source verse probe data using the technique presented in Ref. [10].
boundary condition consists simply of setting all nodal Although this method for extracting the exit impedance
values of acoustic pressure at the source plane (x 5 0) to assumes a plane wave across the exit plane, this assumption
the known value of source pressure, ps(y). Thus, inserting could be relaxed to include a general pressure profile, as
these conditions into the assembled global matrix equation would be expected for high frequency sources or when the
(14) introduces nonzero elements into the first M compo- exit plane is close to the trailing edge of the test specimen.
nents of hFj. Further details on imposing source conditions One important challenge in current technology is to pro-
are described elsewhere (Refs. [8, 9]). vide sufficiently accurate boundary condition data at the

The global matrix [A] generated by Galerkin’s Method source and exit planes such as prescribed by Eqs. (2) and
following application of the source conditions is a complex (4) when flow is present. It will be recalled that in the
matrix. Fortunately, owing to the discretization scheme source plane, the complex acoustic pressure distribution
used, it will also be block tridiagonal. The structure of is required (also the entrance impedance when flow is
matrix [A] prior to imposing boundary conditions is shown present), whereas in the exit plane the exit impedance
in Fig. 4, where the superscript T denotes matrix transpose. distribution is required. Presumably, the successful mea-
Note that [A] is a square symmetric block tridiagonal ma- surement of the complex pressures at two closely spaced
trix whose order is MN. This global matrix contains a planes would permit acoustic particle velocities to be in-
number of major blocks (AI, BI) which are themselves ferred, thus permitting calculation of the exit or entrance
square and tridiagonal, as shown in the figure. The diagonal plane impedance. Although fraught with difficulty, this
major blocks, AI are also symmetric. Much practical impor- approach is being actively pursued by the development of
tance arises from this symmetric structure as it is conve- inflow acoustic probes to directly measure acoustic pres-
nient for minimizing storage and maximizing computa- sure distributions in both the source and exit planes. A
tional efficiency. Special matrix techniques exist for a second approach to acquiring source and exit plane data
solution of this structure following application of source is also being pursued. In this approach, acoustic pressure
conditions.1 All computation and storage is performed only measurements are confined entirely to walls of the source
on the lower triangular portion of the matrix [A]. and exit sections of the flow duct. These pressures are then

used to construct the inflow pressure and particle velocity5. DATA INPUT TO DUCT PROPAGATION MODEL
fields from a modal decomposition of the wall pressure
measurements. The advantages of this approach areThree sets of boundary data are required in addition

to the rigid upper wall condition, in order for the duct
(1) the avoidance of inflow measurements

(2) the intuitive appeal of and the physical insight pro-1 Gaussian elimination with partial pivoting and equivalent row infinity
norm scaling is used to reduce the rectangular system to upper triangular vided by the modal propagation model.
form. Back substitution is then employed to obtain the solution for the
acoustic pressure at the NM node points. Experimental data were not available as input to the
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finite element duct propagation model. Thus, in this effort,
we assume a uniform liner impedance of the bottom wall,
and use multimodal analysis to determine the upper wall
pressures, the source pressure, and exit impedance. To
begin, the conventional modal solution in the duct of Fig.
1, for a constant impedance at the lower wall, is

p(x, y) 5 Onmodes

n51
[Ane2iknx 1 Bneiknx]pn(y) (15)

pn(y) 5 cos(lny) 1 tan(lnH) sin(lny) (16)

k2
n 5 k2 2 l2

n (17)

z 5
ikH

lnH tan(lnh)
. (18)

FIG. 5. Impedance grid in the complex plane.

Here, nmodes is the number of modes, An and Bn are the
chosen mode amplitude coefficients of the right and left

of the procedure is guaranteed, since the boundary valuetraveling acoustic waves in the duct, respectively, and the
problem is well posed.eigenvalues, ln, are obtained by solving the transcendental

The idea is best illustrated by considering a constantequation (18).
impedance, z. We define the unknown impedance asThe source pressure and exit impedance used as input

data here, are obtained by substituting the series in Equa-
tion (15) (i.e., with chosen values of An, Bn and nmodes) z 5 u 1 ix , (22)
into Eqs. (2) and (4), respectively, to obtain

where u is the resistance and x the reactance. Resistance
values are positive whereas reactance values span theps(y) 5 Onmodes

n11
[An 1 Bn]pn(y) (19)

real axis:

zexit(y) 5
2k onmodes

n51 [Ane2iknL 1 BneiknL]pn(y)

onmodes
n51 kn[BneiknL 2 Ane2iknL]pn(y)

. (20) 0 # u # y, 2y # x # y. (23)

It should be apparent that searching the entire upper halfIn order to obtain the known upper wall pressure that is
plane of the resistance/reactance space for the unknownrequired to extract the unknown impedance, the series
impedance is impractical. Thus, we introduce the tranfor-in (15) is evaluated at the m axial locations along the
mationupper wall,

x 5 cot(b), 0 # b # f (24)
p(xI , H) 5 Onmodes

n51
[Ane2iknxI 1 BneiknxI]pn(H). (21)

and search for the unknown impedance in the (u, b) plane,
where u is limited to 0 # u # umax. Rules for selecting umax6. EXTRACTION OF THE UNKNOWN IMPEDANCE
will be discussed later. It should be noted that Eqs. (22) and
(24) are a convenient way of representing the impedanceThe goal of the impedance extraction method described

in this work is to determine the unknown impedance, z(x), model for many perforates over honeycomb used in current
aircraft engines. It may also represent a liner cavity whichof an acoustic material from the data input. The procedure

is to numerically determine the impedance function z(x), may be filled with a broadband sound absorbing material
such as Kevlar or Fiberglass. For example, in the case ofsuch that the pressure along the top wall reaches its known

value at each of the m points. The procedure consists of a perforate, the parameter b 5 kd, where d is the backing
depth of the perforate (Ref. [11]).repeatedly cycling through the solution to the boundary

value problem (Eqs. (1)–(5)), and obtaining a set of upper We now divide the complex plane (u, b) into IMAX
evenly spaced intervals in the u direction and JMAX evenlywall pressures for each impedance function. As each new

set of wall pressures is computed, it is compared to the spaced points in the b direction, as shown in Fig. 5. The
increment spacing Du and Db areknown values until convergence is achieved. Convergence
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larly, if z was a continuous function of wall position, it could
Du 5

umax

IMAX 2 1
, Db 5

f
JMAX 2 1

. (25) be broken down into a finite number of linear segments and
each linear segment could be analyzed independently.

Thus a point zIJ in the uniform impedance grid is
7. RESULTS

zIJ 5 uI 1 ix J, uI 5 (I 2 1)Du, A computer code implementing the impedance extrac-
tion method has been developed. The finite element matrixx J 5 cot(J 2 1)Db. (26)
equation (14) is solved using a routine from the highly
developed software package ‘‘Lapack,’’ and minimizationWe will establish a rule of thumb for determining IMAX
of the normalized wall error function is performed inter-and JMAX in the next section. We now define the global
nally by an in-house computer code. The unknown imped-normalized wall error function at a point (I, J) in the
ance, z, is returned by the in-house code. Results wereimpedance plane. Let z denote the impedance of the un-
computed using a DEC-ALPHA work station and wereknown material. If the known upper wall pressures corre-
not computationally intensive (i.e., requiring only 0.5 ofsponding to z are p(xn, H) and those computed from the
CPU time for each point in the impedance grid). In thisfinite element solution with zIJ are p(xn, H), then a measure
section, the integrity of the impedance extraction methodof the closeness of zIJ to z is given by the normalized wall
is tested on three materials for which the impedance, z, iserror function, EW(zIJ)
known. The first two are materials for which z 5 1 1 1i
and z 5 3 1 2i, respectively. The last material is a rigid
wall, for which the impedance approaches y 1 yi, whichEW(zIJ) 5

EW(zIJ)
Emax

(27)
corresponds to an admittance of 0 1 0i. Thus, for conve-
nience, analysis of the rigid wall case is conducted in theEW(zIJ) 5

1
m Om

n51
up(xn, H) 2 p(xn, H)u, (28)

admittance plane.
Input data required to extract the impedance of each

liner was obtained by solving Eq. (18) with the known zin which u u denotes the absolute value of a complex quan-
and calculating the source pressure and exit impedancetity, Emax is the maximum value of EW for all points zIJ in
from Eq. (19) and Eq. (20), respectively. Equation (21)the impedance grid, and m is the number of known wall
was then evaluated at m evenly spaced locations to providepressures.
the known wall pressure for the wall error function. In anDetermining the unknown impedance of the material is
attempt to determine the effects of error in the input data,now recast as a minimization problem. Thus, z should be
a number of cases were run with the upper wall pressurechosen so that EW(z) is a global minimum. The global
distribution randomly perturbed according tominimum is obtained using a two-step method. First, we

use a coarse grid in the impedance plane and tabulate the
p̂(xI , H) 5 p(xI , H)Er , (29)normalized wall error function to determine the location

in that grid of the minimum point (u1, b1). We use a fine
where p̂(xI, H) is the perturbed pressure and Er is thegrid centered about (u1, b1), where Du and Db are now
random error. For the cases presented in this report, themuch smaller. The location of the minimum point of the
range of random error was set to 60.1 dB, so thatfine grid corresponds to the unknown impedance. It should

be noted that the purpose of the coarse grid is to provide
Er 5 1 6 Nr100.1/20, (30)a good initial estimate for the unknown impedance, z. If

a good estimate is already known from experience or from
some other method, the coarse grid calculations may be where Nr is a random number between 0 and 1. The 60.1

dB random error range was not arbitrarily chosen, but isabandoned. One may then proceed to the fine grid calcula-
tion with the fine grid centered about this initial estimate. typical of that experienced in the Langley Grazing Flow

Impedance Tube Facility. For each material, impedanceAlthough the procedure described above assumes that
z is constant, it is easily extendible to a liner whose imped- predictions are presented for a single mode nonprogressive

wave field (nmodes 5 1, A1 5 1.0, B1 5 0.5). The ductance is a function of wall position (i.e., z 5 z(x)). For
example, consider a q-segmented liner. Because the mate- geometry for which calculations were made was chosen to

be that of the Langley Flow Impedance Tube Facility testrial is locally reacting, each of the q segments would be
analyzed independently to determine its impedance. Thus, section (i.e., H 5 2.0 in., L 5 23.0 inches). Results are

presented for two source frequencies, f 5 500 Hz and f 5if the number of calculations required to determine the
impedance of a uniform liner is r, then the number of 3,000 Hz. A 231 3 21 evenly spaced grid is used (N 5 231

and M 5 21) in the finite element discretization for allcalculations required for a q segmented liner is qr. Simi-
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the contour labeled 7. Thus the returned impedance is the
value at the grid point closest to the center of that contour,
z 5 1.00 1 0.99i. It should be noted that separate tests
were conducted to show that the error is even smaller at
z 5 1 1 1i, since the fine grid used as a standard in this
study did not include this particular impedance as a point
in the grid.

Figure 7 presents a comparison of the known resistance
and reactance for the first material (u 5 x 5 1) with the
predicted values, for input data with and without random
error. The two plots in the upper half of the figure were
computed at a frequency of 500 Hz, while the two in the
lower half of the figure were computed at 3000 Hz. The
independent variable for the horizontal axis is the number
of evenly spaced input wall pressure points, m, used to
determine the wall error function. Results are shown for
m 5 5, 10, 46, and 230. Note that the impedance prediction
method does an excellent job of determining the normal
incidence resistance and reactance, with and without ran-

FIG. 6. Fine grid contour plots of the wall error function at 500 H.

calculations. This grid ensured that a minimum of ten ele-
ments per wavelength was used in the finite element dis-
cretization at the highest frequency of interest for each of
the wave fields considered.

Numerical experimentation has shown that a 51 3 31
uniform grid (i.e., IMAX 5 51 and JMAX 5 31, with
Du 5 Db 5 0.1) is typically sufficient for the coarse grid
search procedure. Note that while this grid covers nearly
all possible reactance values, the resistance only ranges
from 0 to 5 (i.e., umax 5 5). If larger values of resistance
are expected, a larger value of umax should be used. After
the coarse grid procedure has been completed, a fine grid
search is conducted. Again, numerical experimentation has
shown that a 21 3 21 uniformly spaced fine grid (i.e.,
IMAX 5 21 and JMAX 5 21, with Du 5 Db 5 0.01) is
sufficient for convergence to the unknown impedances.

Convergence of the impedance prediction method is best
illustrated using contour plots in the (u, x) plane. Figure
6 shows contour plots of EW(z) for the fine grid at a
frequency of 500 Hz. Ten evenly spaced points (i.e., m 5
10) were used to construct the wall error function. The
known impedance is z 5 1 1 1i, and the resistance and
reactance are plotted on the horizontal and vertical axes,
respectively. The coarse grid contours collapse to a single
point at z 5 1.00 1 0.97i. As can be seen in Fig. 6, the

FIG. 7. Resistance and reactance for the first material.global minimum point of EW(z) for the fine grid lies within
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performed for this material. A coarse grid search was con-
ducted with Dk 5 Ds 5 0.1, over ranges of 0 # k # 2 and
21 # s # 1. A fine grid search was then conducted with
Dk 5 Ds 5 0.01, over ranges of 0 # k # 0.2 and 20.1 #
s # 0.1. The results are shown in Fig. 9. Predicted admit-
tances are in agreement with the known value for each
frequency, with and without random error in the input
data.

Impedance predictions were also obtained for each of
the two soft materials, but for the following sound fields:

1. A single mode progressive wave field
(nmodes 5 1, A1 5 1.0, B1 5 0.0)

2. A multi-modal wave field without reflections
(nmodes 5 2, A1 5 A2 5 1.0, B1 5 B2 5 0.0)

3. A multi-modal wave field with significant reflections
(nmodes 5 2, A1 5 A2 5 1.0, B1 5 0.5, B2 5 0.0).

FIG. 8. Resistance and reactance for the second material.

dom error. Predicted resistance values are slightly less ac-
curate at the higher frequency for small values of m. Collec-
tively, these graphs show that the predicted impedance is
independent of m. Figure 8 shows similar results for the
second material, whose known resistance and reactance
was u 5 3, and x 5 2, respectively. Overall trends are
consistent with that of Fig. 7. The largest error (i.e., approx-
imately 4%) occurs in the reactance prediction at 3,000 Hz
for m 5 5 when there is random error.

The third and final material was a rigid wall, which was
included in this study in an attempt to cover the realistic
range for the majority of grazing incidence impedance mea-
surements. Since the impedance for a rigid wall approaches
z 5 y 1 yi, it was not feasible to perform an impedance
plane grid search to try to determine the appropriate nor-
mal incidence impedance. However, the known admit-
tance, 1/z 5 k 1 is, for this case is zero (1/z 5 0 1

FIG. 9. Susceptance and conductance for the third material.0i). For this reason, an admittance plane grid search was
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Graphical results for these three fields are not presented sitive to random error typical of that found in most high
quality measurement systems. The method has been foundfor the sake of brevity. However, it was observed that

impedance predictions were in good agreement to the to be a simple and powerful tool for analytically based
input data. There is now a need to test the method withknown impedances using each of these three sound fields.

In fact, when the wall pressure was not subjected to random measured data, to extract the impedance of variable imped-
ance liners, and to incorporate the effects of high speederror, predicted impedances for each sound field was iden-

tical to that obtained for the single mode nonprogressive shearing flows into the prediction. These efforts are cur-
rently under way.wave field (see Figs. 7–9). Studies were also performed for

large random errors. When the random error was increased
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